Chapter 16

Asset prices

Monika Prazzest and Martin Schneider

16.1 Introduction

This chapter is about economies with multiple assets. The benchmark neoclassical growth
model assumes that there is only one asset that agents can save in, capital, and hence only one
rate of return. The model thus abstracts from differences in returns across types of capital,
say business capital and housing. It further assumes that all capital is held directly: it is
not “packaged” into other assets by capital owners or intermediaries. We do not distinguish,
for example, firms’ equity and debt, household mortgages and housing equity, mutual fund
shares, pension accounts or bank deposits.

Allowing for multiple assets explicitly is interesting for two reasons. First, we can study
more issues than in the benchmark model. For example, we would like to understand why
rates of return differ on average or why some asset prices are more volatile than others. We
can also ask why asset positions are different across agents. With multiple assets, agents
decide not only on savings—the total value of assets held—but also make a portfolio choice—
they pick the share of savings in each available asset. We can then ask how asset price
fluctuations affect agents’ welfare differently.

Second, allowing for multiple assets is typically important for conclusions we draw about
allocations, or macroeconomic aggregates, even if we are not interested in asset prices or
portfolios per se. One reason is that asset prices provide important moments to discipline
assumptions on agents’ objectives. For example, when we introduce equity and debt explic-
itly into the neoclassical growth model, we can infer what preferences of the representative
agent are needed to match the average return on equity vs debt.! When markets are incom-
plete, there is another reason to study multiple assets: market structure matters directly for
allocations. For example, agents bear less risk if there are instruments through which they
can mutually insure each other.

! Asset prices are therefore relevant for macroeconomics even when markets are complete and allocations
are efficient. Since complete markets allow us to find allocations from the planner problem and determine
asset prices only in a second step, it is tempting to think that asset prices “don’t matter.” However, they
are still important to test the model.
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16.2 Background on household portfolio and asset prices

To motivate the study of multiple assets, we start with some background on household
portfolios and asset price properties. Two common assets in household portfolios are housing
and stocks. In the United States, most households (currently 65%) own a house, while half
of households own stocks (currently 52%). These participation rates vary by country. For
example, some countries like Germany have lower homeownership rates (47%), while other
countries like Ttaly have higher homeownership rates (75%).

An important factor in determining the cross-country variation in stock market partic-
ipation are pension systems. In the U.S., for example, workers choose how much of their
income to save in pension plans and how to allocate these savings to various assets. Many
households, therefore, participate in the stock market through these pension plans. In con-
trast, households in European countries often receive pension payments from the government,
which are financed through taxes. In these countries, households often save less and do not
actively face an asset allocation decision.

Within countries, there is much household heterogeneity in portfolio shares, the fraction
of wealth invested in any given asset. Young households often do not have much wealth.
Therefore, they borrow money from a bank to buy a house and thus hold a leveraged position
in a risky asset. Older households accumulate wealth, slowly pay down their mortgage
balance, and invest in both housing and stocks. There is also a substantial share of households
with little savings at all.

Investing in long-lived assets can be risky. For example, stocks make future dividend
payments that are random from today’s point of view. Houses provide housing services that
are random. For example, housing services can suddenly deteriorate in a natural disaster
such as an earthquake. In addition to the randomness of assets’ cash flows, the resale value
of the asset is uncertain. The payoff of an asset in the next period, which consists of the
cash flow and the resale value, can thus be either unexpectedly high or low.

In the data, the values of long-lived assets are highly volatile over time relative to their
cash flows. Since both asset value and cash flows grow over time, it is helpful to study the
ratio of asset price to cash flows. For stocks, we can measure the stock price at the end
of the year and divide it by the dividends the stock paid during the year. Similarly, we
can measure the house price at the end of the year and divide it by the value of housing
services derived from the house during the year. For a currently rented house, the value of
its housing services is simply the annual rent payment. For an owner-occupied house, the
value of housing services is estimated based on data from comparable rentals.

Figure 16.1 shows the two ratios of asset price to cash flow in the United States for the
years 1929-2023. The black line represents the ratio of stock values to the dividends paid
per year by these stocks. The gray line represents an analogous ratio for housing, which
divides the value of residential housing by the housing services it provides. These series
show dramatic movements. Sometimes, these movements go together (such as in the Great
Depression of the early 1930s) and sometimes in opposite directions (as in the Great Inflation
of the late 1970s). Judging from these series, investing in stocks in 1999 was a bad idea, as
they became significantly cheaper seven years later, while investing in housing was a good
idea. How can we explain these movements, and how are they related to the rest of the
economy?
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Figure 16.1: The ratio of asset value to cash flow for housing and stocks
in the United States, 1930-2023.

16.3 Dynamic stochastic endowment economy

To understand the valuation of risky assets, we consider an endowment economy with an
infinite horizon. At each date ¢, a state w; € 2 gets realized. There are S possible states.
The history up to date ¢ is w® = {wp, wy, .. .,w;} and has probability 7 (w"). We can connect
the history at date ¢ to its unique predecessor history w'™! by writing w! = {w'™!,w;}. The
conditional probability of the state w; is m; (wf|w'™!) or, equivalently, m; (w;Jw'™). There
is a set Z of agents so that the number of agents can be finite or infinite. These agents
differ in their endowments of units of goods. Agent i has preferences described by a utility
function U; (¢;) over consumption plans ¢; = {¢;¢ (w')} 1o and receives an endowment y; =
{yie (@)}, - The aggregate endowment is the sum of individual endowments y; (w') =

ZiEZyi,t (Wt>-

A standard example for a utility function is expected utility

ZZm Bu czt(wt)).

t=0 wteN

For understanding the dynamics of macro quantities, it is often sufficient to stay within this
class of preferences. The most common example for the felicity function u (z) = z'=7/ (1 — )
is power utility, in which case the coefficient of relative risk aversion v = 1/0 is the inverse of
the elasticity of intertemporal substitution o (EIS). This specification thus tightly connects
the agent’s behavior towards gambles in static decisions (where « matters) to the agent’s
behavior towards intertemporal choice in deterministic settings (where ¢ matters.) For
understanding the properties of asset prices, however, it will be important to derive results
for more general utility functions. The leading example is Epstein-Zin utility, a utility
function that separates risk aversion from the EIS, v # 1/0. This chapter will therefore
derive results based on more general utility functions U; (¢;) .
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Planner problem A feasible allocation {c;; (w')}, ., of consumption across agents in this
economy satisfies

Z Cit (wt) < Zyi,t (wt) =Y (wt) for all ¢,w".

1€L i€

The planner assigns a weight \; to each agent and selects a feasible allocation that maximizes
the welfare function

Ux(y) := max Z)\ Ui (¢;) subject to ZC” g n (wt).

citier i€l i€l

The Lagrangian function of this problem is

L= Z{)\U ¢) ZZW (Zc” ) — i ( ))}

€L t=0 wtet i€

The first-order condition (FOC) with respect to consumption of agent ¢ at date ¢ after history
wt is

NiOU; (¢;) [0ciy (wt) = L (wt) ) (16.1)
An important property of this FOC is that every agent’s weighted marginal utility is equated
to a Lagrange multiplier that is independent of agent i. The envelope theorem says that the
derivative of the Planner’s Lagrangian function with respect to the aggregate endowment at
date t after history w! is

U (y) /Oy (w') = pu (') . (16.2)

If we combine the FOCs for agent ¢’s consumption at different dates, we see that the planner
equalizes the marginal rates of substitution across all agents ¢ with the planner’s MRS:

oU; (Cz) /8Ci,t+1 (th) _ oU, (y) /3yt+1(wt“)
AU; (¢;) Ociy (wh) U (y) [Oys(w')

(16.3)

Arrow-Debreu economy Suppose agents trade Arrow-Debreu securities at date 0, as in
Section 7.4 of Chapter 7. These securities are claims to a unit of consumption at a specific
date t after a specific history w?. The time-0 price of this security is the Arrow-Debreu price
of consumption at date ¢ after history w! denoted p? (w'). Given consumption prices p) (w’)
and the endowment y; of agent i, the budget set of agent ¢ is

BAD (poayi) = {Cit }twt . Zpt Czt Zpt y’Lt )

t,wt t,wt

Agent 7 selects the consumption plan in the budget set to maximize utility. The La-
grangian function of the agent’s problem is

L=U;(¢)— q <Z Z Py (W) cig (W) = DY (") i (wt)> .

=0 wteQ?t
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The first-order condition with respect to consumption at date ¢ after history w? is
OU; (¢;) /0ciy (w') = azp (w') - (16.4)

As long as the budget constraint binds, the Lagrange multiplier «; is strictly positive, and
we can divide by a; > 0. We again obtain the key property that every agent’s weighted
marginal utility is equated to a variable, here the price of consumption, that is independent
of agent 7. By combining FOCs of agent ¢ at different dates, we can see that trading at date
0 equalizes the marginal rates of substitution across agents:

8Uz Ci) /aCm—H (wt+1) o p?—i—l (wt+1)
Ui (¢;) JOciy (Wh) PP (wh)

(16.5)

Arrow-Debreu equilibrium An equilibrium in the Arrow-Debreu economy consists of a
consumption allocation {c}},.; and consumption prices p°* such that (i) the consumption
plan ¢! is in the budget set BAP (p®*, y;) for given consumption prices p®* and maximizes the
utility of agent ¢, (i7) markets clear Y, _; ¢;; (w') = y; (') for all dates ¢t and histories w".

First Welfare Theorem The optimality conditions in the Arrow-Debreu economy (16.4)
and the planner problem (16.1) look similar. The planner wants marginal utilities of agents
1 and j to be collinear

)\18UZ (CZ> /acm (wt) = Ajan (Cj) /8cj,t (Wt) = Ut (wt) . (166)

The optimization by individual agents given Arrow-Debreu prices p) (w') also leads to collinear
marginal utilities

&an (¢;) /Ociy (') = ian (¢j) [Ocjy (w') = pf (') (16.7)
? J

If we select agent weights \; = 1/a; in equation (16.6), we obtain the same conditions
as in equation (16.7). The consumption allocations in the Arrow-Debreu equilibrium and
the planner problem are thus the same. This is an implication of the First Welfare Theo-
rem, which says that the consumption allocation in the Arrow-Debreu equilibrium is Pareto
optimal. This property will ensure that marginal utilities of different agents are collinear
and marginal rates of substitution across agents, as well as across planner and agents, are
identical.

Sequential markets We now introduce repeated trading in consumption and asset mar-
kets, which involves assets like those we see being traded in actual asset markets instead of
Arrow-Debreu securities. Suppose that agents can trade N assets and buy consumption in
spot markets at every date ¢. Each asset n pays a dividend d}" (w') in units of consumption
at date t after history w’. The N-dimensional vector d; (w') contains the dividends of all N
assets. The dividend stream {d; (w')}, . of the assets is exogenously given.

The N-dimensional vector of asset prices p; (w') describes the units of consumption needed
to purchase the assets at date t after history w’. Our convention is that assets are traded
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ex dividend: the buyer of the assets at date ¢ will receive the dividends dy,; (w'™!) at date
t + 1 after history w'tl. The asset prices p; (w') are thus quoted ez dividend, which means
without the dividend: the asset prices do not contain the dividends paid at date .

Agents can buy or sell assets, starting from some initial holdings. Unless stated explicitly
otherwise, we assume that the agents have no assets initially, 8", = 0 for all n. If agents
buy asset n, they hold a positive number 67 (w') > 0 of the asset. If they sell asset n, they
short 0 (w') < 0 many assets. Alternatively, they can choose to not have any number of
asset n, 07" (w') = 0. The N-dimensional vector 6; (w') collects all asset holdings. We call
0 = {0; (')}, a trading strategy.

With sequential trading, the budget set of agent i is

B(p,y;) = {{Ci,t (wt) }t,wt . there is a §; such that c;; (wt) + py (wt)T 0,1 (wt) (16.8)
< gie () + (di (&) + 21 ("))

Spending on consumption and current asset holdings has to be less than the endowment and
payoffs from previous asset holdings. These payoffs consists of dividends plus the current
value of the assets. Agent i chooses a consumption plan ¢; € B (p,y;) given asset prices p
and the endowment y; to maximize utility U; (¢;) .

i1 (wt_l) for every t,w’ € Qt} )

Sequential market equilibrium A competitive equilibrium is a collection of consump-
tion plans ¢f = {c}, (w')} 1o and trading strategies 6 = {67, (W)} s for each agent i and
asset prices p* = {p; (wt)}tywt such that (¢) ¢ is in the budget set B (p*,y;) for given asset
prices p* and the agent’s endowment y;, and maximizes utility U’ (¢;), (i) good markets
clear at every date after every history >, cj, (W') = D J.c7u5, (w'), and (i77) asset markets
clear . 07, (w") = Onx1 at every date after every history.

Here, we are assuming that assets are in zero net supply, the asset holdings across agents
sum to zero. In some applications, we will want to assume that there is some exogenous
supply @7 of asset j. For example, we may want to allow for a positive supply of government
bonds. In this case, government bond market clearing becomes ) ., Gf’t =07

Preview If agents have a rich set of assets to trade at every date ¢, markets are complete.
Intuitively, agents with access to a rich set of assets can easily shift consumption units across
time and states of the world. Since agents take asset prices as given, they trade assets at
date t until they equate their valuation of the assets’ payoffs at date ¢t + 1. Since payoffs
are defined as baskets of consumption units delivered in the various states of the world
w1 next period, equating asset prices is equivalent to agreeing on the value of each future
consumption unit, as long as agents have enough assets to trade. Formally, markets are
complete if for any sequence {z;(w')}, there exists a trading strategy 6 = {6;(w")} with
payoffs z(w') = (dy (w') + pr (W) " Gp_1 (W) = py (W) 6, (w!) for all histories and times
t>0.

With complete markets, we obtain three important results. First, the set of equilibrium
allocations in the Arrow-Debreu economy and the sequential markets economy are the same.
Second, the First Welfare Theorem holds, so that the equilibrium allocation is Pareto opti-
mal. Third, there exists a representative agent. Without complete markets, all three results
are lost.
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The three results are key for understanding the degree to which agents’ heterogeneity
can matter for asset valuation. With complete markets, a single-agent model is sufficient
for understanding asset prices because there is agreement among all agents on how to value
consumption in each history. For heterogeneity to matter, markets have to be incomplete.
With fewer assets to trade, agents will agree on the value of the assets they trade, at least
in the absence of financial frictions (such as short-sale constraints). However, agents may
disagree about the value of consumption in the various histories.

We will first gain intuition about these results in a version of this environment with only
two dates. In the two-period economy, assets are traded at date 0 and not re-traded again
at date 1. We will then study an infinite horizon economy in which consumption and assets
are re-traded at every date.

16.4 Asset trading with two periods

Suppose there are S different states of the world that can happen tomorrow (at date 1). Each
state w has some probability 7 (w) > 0 with > o7 (w) = 1. Agent i receives an endowment
y;0 units of consumption at date 0 and an endowment of y;; (w) units of consumption
in state w at date 1. The agent has utility function U; (¢;) over consumption plans ¢; =
{cw, {cin (w)}weg} :

The agent can buy a portfolio 6 of the N assets at date 0. We collect the N-dimensional
payoffs d (w) at date 1 in state w € 2 in an S X N payoff matrix D for every state and asset
tomorrow, as in Chapter 7 (Section 7.4). If there are Arrow securities for each state at date
1, then the payoff matrix is equal to the identity matrix, D = I. The N-dimensional vector
p contains the asset prices at date 0, so p" is the price of asset n in units of consumption
at date 0. A portfolio 6 involves spending ij:l p"0" = p'0 units of consumption at date
0. At date 1, the agent receives portfolio payoffs d (w)T f units of consumption in state w at
date 1. We collect the portfolio payoffs in an S-dimensional vector D6.

The agent maximizes utility

max U, (¢;) (16.9)

where the budget set is
cio+p'0; <wyio
Blon) = (e ten haen) o, 0 0 T, rome 0 €RY).
(16.10)

Since the utility function is strictly increasing, the budget equations will bind, so they hold
with equality. The budget equations for consumption in the various states w at date 1 involve
the portfolio payoff in each state.

Arbitrage We define a “free lunch,” or arbitrage opportunity, as a portfolio that is either
free today, p'@ < 0 and has non-negative payoffs tomorrow Df > 0 with one strictly positive
payoff in at least one of the states, or a portfolio with a strictly negative value p'6 < 0 that
has nonnegative payoffs tomorrow D > 0. An arbitrage is a strategy that would be infinitely
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attractive for any agent who prefers more consumption over less. It makes sense to assume
that such a strategy does not exist.
The compact way of defining an arbitrage opportunity is with the (S + 1) x N matrix

_pT
W = [ D } , (16.11)
which contains the payoff at date 0 and for every state at date 1. An arbitrage is a portfolio
0 such that its payoff W6 > 0 is nonnegative and strictly positive either today or tomorrow
in at least one state of the world. Markets are arbitrage-free if D > 0 implies p'0 > 0 and
DO > 0 with one strict inequality implies p'6 > 0.

Set of attainable payoffs The set of attainable payoffs is
M = {x e Rt there is a portfolio 8 € RY such that = = WH} )

where W is the matrix in equation (16.11). If the system of asset prices p allows for arbitrage
opportunities, then the set M includes elements x that are non-negative and have at least
one strictly positive entry.

State prices The price at date 0 of one unit of consumption in state w at date 1 is called
a state price. The contingent claim that will deliver one unit of consumption in state w and
zero in all other states is called an Arrow security.? A state price is thus an asset price,
the price of an Arrow security. The absence of arbitrage implies that each state price g(w)
must be strictly positive. If the price of an Arrow security were zero or negative, one could
construct a costless strategy—or even one that yields a gain today—that delivers a strictly
positive payoff in state w and zero otherwise, which constitutes an arbitrage opportunity.

Law of one price The law of one price says that two assets with identical payoffs in every
state must trade at the same price. Again, if this was not true, then a strategy that buys
the cheaper asset and sells the more expensive asset has zero payoffs at date 1 but makes
a strictly positive payoff at date 0 — an arbitrage. For a set of state prices ¢, the law of
one price therefore implies that the price of the nth asset is its future payoffs in the various
states valued by the state prices.

pr=) d"(w)q(w). (16.12)

weN

By writing the key property of state prices in matrix form p = D¢, we can see that the
vector of consumption prices
. 1
jg= ( ) , (16.13)

q

2The Arrow-Debreu security that we introduced earlier is a contingent claim trading at date 0 for con-
sumption at any date ¢, including ¢ > 1, after history w?. An Arrow security is a contingent claim for next
period consumption in one of the states of the world. Of course, the two concepts coincide in a model with
only two periods. However, the statement that state prices are Arrow security prices will always be true.
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which assigns a normalized price of 1 to consumption at date 0 and states prices ¢ to con-
sumption in the various states tomorrow, is orthogonal to the set of attainable payoffs M.
In other words, for any # € M, we have that ¢ = 0. This follows from (16.12) because
for asset n we have —p™ + 3" _od" (w)q(w) = 0 and the attainable payoffs in M are simply
linear combinations of the payoffs from trading the individual assets.

Fundamental theorem of asset pricing For given asset prices p, the absence of arbitrage
is equivalent with the existence of state prices. In general, these state prices may not be
unique, so we may have p = D'"q = D¢/, where both ¢ and ¢ are state prices. If markets
are complete (rank(D) = 5), state prices are unique. If the number of assets equals the
number of states, N = S, the state prices can be computed by inverting the payoff matrix,
q= (DT)f1 p. If there are more assets than states, N > S, there are redundant assets, and
we can eliminate some of them to obtain a S x S payoff matrix D with rank S. The state
prices can then again be computed by inverting the payoff matrix, ¢ = (DT)_1 p. If N <8,
the rank of the payoff matrix is not S and markets are incomplete. If this is the case, we
may have many state prices.

Below we sketch the proof. For the equivalence of the two statements, we need to show
that the existence of state prices implies no arbitrage. Suppose we have some state prices
q € Rir for which p = DTgq, then the value of any portfolio # € RY satisfies p'60 = ¢" D#.
If DO > 0, then p'0 = ¢" DO > 0 since state prices are strictly positive. If Df > 0, then
p'0 =q"DO > 0. Thus, there are no arbitrage opportunities given asset prices .

The other direction of the proof-showing that no arbitrage implies the existence of state
prices—is more work, but is instructive as to what state prices do. The key step in the proof
separates the set of attainable payoffs M from the set of arbitrage opportunities IC = Ri“
as depicted in Figure 16.2 for the case of S = 1 tomorrow. The horizontal axis represents
payoffs at date 0, while the vertical axis measures payoffs at date 1. To show that M
and I only intersect at the origin, M N K = {0}, the proof uses a separating hyperplane
theorem. The theorem implies that there is a nonzero linear function F : RS*! — R such
that F'(z) > 0 for all nonzero z € K and F (z) = 0 for all x € M.? This means there
are some strictly positive cofficients ¢ = (Go, ¢1) € Rff , that represent the nonzero linear
function: F (xg, 1) = GoTo + G, 71, where 7y € R and x; € R®. The vector ¢, depicted as an
arrow in Figure 16.2, is orthogonal to the set M, because if we evaluate the function at an
element in M, we get —Gop' 0 + ¢ DO = 0 for all § € RY. The vector ¢ shown as an arrow
in Figure 16.2 thus contains consumption prices (16.13), but does not necessarily assign a
price of one to consumption at date 0. However, since ¢y > 0, we can normalize the price of
consumption at date 0 on the horizontal axis to one, and find the state prices ¢ = ¢ /gy on
the vertical axis.

The essence of this proof is the existence of a linear function F : R5T! — R with strictly
positive coefficients ¢ that values all assets and portfolios of assets. When we evaluate this

3The separating hyperplane theorem is for cones. A cone is a set X for which if 2 € X implies that
Az € X for any A > 0. Both M and K are closed convex cones in RS*! that intersect at the origin. The
separating hyperplane theorem implies that there exists a nonzero linear function F : R9t! — R such that
F(z) < F(z) for all zin M and F (z) > 0 for all nonzero x € K. However, since M is a linear space, —z
is also in M. The inequality thus implies that F'(z) = 0 for all z in M since F' is nonzero. Otherwise we
could always start with F (z) < F(z) and get F(—z) > F(z).
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payoffs
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» payoffs at date 0

Figure 16.2: The set of attainable payoffs M and the set of arbitrages I
separated by a linear function F(z) = goxg + ¢, 1 = 0 for 2 € M with
coefficients ¢ that are orthogonal to the elements of M.

linear function for any attainable payoff, the function ties the date-0 value of any traded
asset to the weighted sum of its date-1 payoffs, where the weights are state prices ¢ = ¢1/qo-
It is important to note that while the price p of any traded asset is given, the state prices
g may not be unique. The theorem thus guarantees the existence of some state prices that
justify the given prices p, but does not imply that the state prices themselves are unique,
unless markets are complete. The following two examples illustrate this principle.

As an example, suppose there are two states, S = 2, and two assets: a stock and a bond
that trade at given prices p = (ps, pb)T and have a payoff matrix

01 1
p=( 5 1 ).
We impose two arbitrage restrictions. First, asset prices p have to be strictly positive,
since the payoffs are strictly positive in both states. Second, we impose that the return on the
stock cannot dominate that on the bond in all states (and vice versa): &;/p* > 1/p® > 6 /p°.
The return is defined as the asset’s payoff at date 1 divided by its price at date 0.
To determine state prices, we note that markets are complete markets, because rank(D) =

S = 2. Moreover, we have as many states as assets S = N. In this case, we can recover
unique state prices from asset prices by simply inverting the transpose of the payoff matrix:

e B - )

S0 =0 \-1 4 P’ 6 — hp'—p*)”

The state prices must be strictly positive, so we need the arbitrage conditions &;p* > p® >
dop° > 0 as before.

01 > 1> 68, > 0.

¢=(D7)"'p
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The set of attainable payoffs tomorrow D@ is the R2. For every payoff x € R?, there is a
portfolio # = D~ 'z that will generate the payoff . The value of the payoff x is the cost of
that portfolio

— S S T
pl0=p' D 'x= (p* — p/ 02,0/ 01 — p°) .

01 — 02
Under the arbitrage conditions we imposed, the value of any nonnegative vector x with at
least one strictly positive entry is strictly positive.

As another example, suppose again S = 2. However, we now only have one asset, a stock,
with the same payoffs as before. D consists of a single column:

o1
p=(5)
We have incomplete markets, because rank(D) = 1 < S. We are now restricted to payoffs
[01 52}T 0 along a line in R%. Suppose d; > d, > 0. No arbitrage then requires that the stock
price is positive. There are many ¢ € R3, so that p* = Y _, d*(w) ¢ (w), where d° (w) is
the payoff of the stock in state w. Given our matrix D, we have p® = 01¢ (1) + d2¢ (2). For
example, suppose d; = 2, 62 = 0.5, and p* = 1. Any ¢ (1) € (0,0.5) and ¢ (2) = 2 — 4¢ (1)
are valid state prices, because they solve the single equation p* = 2¢ (1) + 0.5¢ (2).

Connection between no arbitrage and individual agent optimality If there is a
solution to the individual agent problem, that implies that there is no arbitrage opportunities.
Suppose there were abitrage opportunities available. In this case, agents can add a free lunch
to their budget sets. Therefore, there cannot be an optimal solution since any candidate
optimal portfolio 8* can always be improved upon with another free lunch on top of it.

The converse statement also holds: If the utility function is continuous and there are no
arbitrage opportunities, then there is a solution to the individual agent problem. The key
here is to apply the fundamental theorem that implies that no arbitrage implies the existence
of state prices to rewrite the budget set (16.10) using the state prices. This rewriting of the
budget set helps to show that it is compact, so that the maximum theorem applies and
guarantees the existence of a solution to the optimization problem.

Rewriting the budget constraint If there are no arbitrage opportunities, we have state
prices ¢ that satisfy p = DTq. We use these state prices to rewrite the budget equation for
date 0 and obtain the net trade away from the endowment of agent @

-
cio = Yio < —p'bi = —q' Db; = — Z q(w)d(w) 6.
weN
For the budget equation at date 1, agent i’s net trade in state w is

i1 (W) — i (W) <d(w)' 6

We can multiply the net trade in state w by the state price ¢ (w) and add up all net trades
at date 0 and the different states w at date 1 . We then obtain a single budget constraint

Ci0 — Yio T+ Z q(w) (cig (W) = yi1 (w)) <0.

weN
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If markets are arbitrage-free, the budget set B (p,y;) in equation (16.10) can thus be
rewritten as

B(p,yi) = {(01,07 {ein (W>}weg) Do~ Yio Tt Z q(w) (cip (W) —yin (W) <0 (16.14)

we
and {c;1 (w) —yi1 (W)},cq € span (D)} .

The span restriction ensures that the agent’s net trades can be achieved with the given assets
in the economy. This restriction can reduce the budget set compared to the budget set in
an Arrow-Debreu economy with consumption at date 0 as the numeraire and Arrow-Debreu
prices ¢ for consumption at date 1. If the span of the payoff matrix is a strict subspace of
R¥, the agent cannot freely obtain all consumption bundles even if they are affordable given
the state prices ¢. The reason is that given the asset payoff matrix D, there may not be
enough assets to achieve the net trades ¢;; (w) — y;1 (w) away from the endowment y; 1 (w)
that are required to get the desired bundle. Moreover, state prices are not unique.

As an example, suppose the agent does not care about consumption at date 0 and also
has no endowment at date 0. The budget constraint for date 0 is p'@ < 0 and for state
w at date 1 is ¢;p (w) — vy (w) < d(w) 6; < 0. With two states, S = 1, we can draw the
budget set with complete markets as the light gray shaded area in Figure 16.3. The agent
can reach any point below or on the dashed budget line going through the endowment y; ;.
With incomplete markets, the agent may be more constrained. For example, with only a
riskless bond, the agent can add or subtract one unit of consumption in both states, and
thus can only reach points on the thick black line with unit slope starting at the endowment
point.

Ci,1(2)
AN
\\
\\\
\\\
\\
\\\
\\
\\\
\\
\\\
\\\
\\\
yi71(2) .................................... \:\\
\\\\
> > Ci71(1>
0 yi1(1)

Figure 16.3: Budget sets with complete markets as dashed line and with
only a riskless bond as solid line
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Optimality conditions for asset holdings The Lagrangian for the single agent problem
is

L=U(¢;) = (Ci,O +p'0; — yi,(]) — Zm (w) (Ci,l (W) —yin (w) —d (W)T 91’) ;

we

where 7; (w) is the Lagrange multiplier on the budget equation in state w. The first-order
condition for consumption at date 0 and in state w at date 1 are

The first-order condition for holdings 07 of asset n is

—ip" + Z n; (w)d" (w) = 0.

we

Subjective state prices Combining, we obtain

g s -

we

(16.15)

are state prices that satisfy the law of one price (16.12).
As an example, suppose agents have the same beliefs 7 and the same discount factor 3.
The utility function (16.9) takes the form

1—v 1—v
G0 cia (w)
Ui (ci) = T4 +5Z7T(w) T
weN

where 7 is the coefficient of relative risk aversion, and 7 (w) is the probability of state s.
The resulting state prices are ¢; (w) = A7 (w) (¢;1 (w) /cio)” ", where ¢;1 (w) /cio is agent
1’s consumption growth rate from date 0 to state w at date 1. A risk-averse agent is thus
willing to pay a high price for consumption in state s when the consumption growth rate in
that state is low. If the agent is risk neutral, v = 0, the state prices 57 (w) just reflect the
discounted probabilities of the states at date 1.

Disagreement about subjective state prices The agent index ¢ is an important re-
minder that state prices are subjective. When some markets are missing, agents cannot freely
trade consumption claims at date 0. The missing markets allow agents to disagree about
the price ¢; (w) of a unit of consumption good in state w at date 1: their marginal rates of
substitution of consumption at date 0 for consumption in state w at date 1 may be different.
The subjective state price ¢; (w) of agent i may be different from the subjective state price
¢; (w) of agent j. In the example with expected power utility, the consumption growth rates
may differ across agents. Moreover, agents can differ in their coefficients of relative risk
aversion -;, discount factors ; or beliefs ;.

The optimality conditions for asset holdings lead to agreement among agents about asset
prices. The first-order conditions (16.15) make sure that agents agree about the valuation of
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the linear combination of payoffs. This highlights that assets promise bundles of consumption
goods at date 1. By optimally trading these assets, agents will agree on the value of the
bundle, but may disagree about the individual prices of consumption in the various states
of the world. Going back to Example 2, agents ¢ and j will agree about the stock price p® =
2¢;1 (1) + 0.5¢; (2) = 2¢; (1) + 0.5¢g; (2) = 1, for example because they value consumption in
each state according to the individual-specific state prices ¢; = (1/4, 1)T and ¢; = (1/3, 2/3)T.
With complete markets, there are enough assets with prices p™ that agents trade, that the
first-order conditions (16.15) will lead them to agree on state prices. Put differently, at date
0 agents will assign the same value to extra units of consumption in the S states at date 1,

qi = qj-

Agreement with complete markets If the span of the payoff matrix D is the entire R,
markets are complete. In this case, the span restriction in the budget set does not bind. The
budget set with sequential trading is then identical to the budget set in an Arrow-Debreu
economy with consumption at date 0 as the numeraire and state prices ¢ for consumption at
date 1. Moreover, the state prices ¢ that determine the asset prices p = D'q in the sequential
trading economy are unique. The unique state prices solve ¢ = (DT)_1 pif S=N.IfN >G5,
there are redundant assets, and we can compute unique state prices based on a subset of
these assets that span the entire R®. Agents thus agree on the value of consumption in
different states.

Stochastic discount factor If no arbitrage holds, there are state prices ¢, which we can
use to define a stochastic discount factor M (w) = ¢ (w) /7 (w) . The price of asset n satisfies
P" = peqd" (W) q(w) =E[d" (w) M (w)], while the return on the asset R" (w) = d" (w) /p"
satisfies 1 = E [R,, (w) M (w)].

The stochastic discount factor is a measure of how hungry the agent is for consumption.
When M (w) is high, the agent is hungry and desperate for more consumption. Any payoffs
in those hungry “high M” states contribute a lot to the value of the asset, while payoffs in
“low M” states do not contribute much. In the case of expected power utility, the stochastic
discount factor is M (w) = S (c1 (w) /o) 7, which illustrates that the agent is hungry in
states of the world w in which the growth rate of consumption is low. If the agent is risk
neutral, the stochastic discount factor is a constant, M (w) =  in all states w; the agent
thus assigns equal value to consumption in the various states of the world.

Risk-neutral pricing A risk-free bond pays one unit of consumption in every state of the
world at date 1. If agents are risk neutral, the bond price satisfies p* = 1/Rf = E [M (w)] = .
The price of any other asset n is given by its expected discounted payoffs

p" =E[d" (w) M (w)] = E[Ci;#, (16.16)

where the discount rate is the risk-free interest rate.
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Risk premium More generally, without assuming risk neutrality, the price of asset n
satisfies E[d" (@)
0 "W). :
p" = T risk adjustment,
where the risk adjustment reduces the price of the asset. What determines the risk adjust-

ment? Using the definition of covariance,
p"=E[d" (w) M (w)]
=E[d" (w)|E[M (w)] + Cov (d" (w) , M (w))
n

= BN Gov @ (@), M ()
we can see that the risk adjustment is minus the covariance of the asset’s payoffs with the
stochastic discount factor. The formula highlights that an insurance asset is particularly
valuable: its payoffs are high precisely when the agent is hungry, the stochastic discount
factor is high. An asset like a stock market index has payoffs that negatively covary with the
stochastic discount factor: the stock market does well in economic booms, when consumption
tends to be high, and badly in economic recessions, when consumption tends to be low.
Compared to risk neutral pricing, this negative covariance is a positive risk adjustment
which lowers the stock price.

An important insight is that not all risk matters for asset valuation. Only systematic
risk, defined as risk that covaries with the stochastic discount factor, matters for asset values.
Unsystematic risk does not affect asset values. Put differently, variance is not the appropriate
measure of risk in financial markets, covariance is what matters.

Alternatively, we can rewrite the equation 1 = E[R" (w) M (w)] using the definition of
covariance as
cov (R™ (w), M)

1=E[R" (w) M ()] + Cov(R" (w), M (w)) <= E[R" ()] - R = ——— [M]

(16.17)
The risk premium, defined as the expected excess return of the asset over the risk-free rate,
is determined by minus the covariance of the asset’s return with the pricing kernel (divided
by the expected stochastic discount factor, which is a number close to one.) An insurance
asset has positive covariance with the pricing kernel and therefore has a negative premium:
the agent is willing to pay an insurance premium to get insurance. An asset like a stock has
negative covariance with the pricing kernel and therefore has a positive equity premium: the
agent has to be compensated with a high mean return to hold the asset.

Risk neutral probabilities We can define 7* (w) = ¢ (w) / >_,/cq ¢ (w') and obtain prob-
abilities that are strictly positive and sum up to one. The sum of state prices in the de-
nominator of the probabilities, Y ,.q ¢ (w') = p* = 1/R/, represent the value of one unit
of consumption in every state next period, which is simply the price of a riskless bond.
Therefore, asset prices are equal to the value of their payoff based on the state prices and,
inserting ¢ (w) = 7* (w) /R, we have

ST b

pr= Y (w)a(w) = == - , (16.18)
weN Rf Rf
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where the expectation E* is computed using probabilities 7*. The formula (16.18) looks like
equation (16.16) which we obtained by assuming that agents are risk neutral. However, the
probability measure 7* is not the actual probability measure w. Instead, it is a distorted
probability measure under which asset prices are determined as if agents were risk-neutral.
The probability measure 7* is therefore called risk-neutral probability. On Wall Street, finan-
cial economists often do not specify utility functions and determine equilibrium consumption
streams to compute state prices or the pricing kernel. Instead, they back out the risk neu-
tral probability 7* from observed asset prices and then use it, for example, to determine the
price of derivatives. This chapter shows that state prices, pricing kernels, and risk-neutral
probabilities are equivalent labels to talk about the determination of asset prices. Moreover,
the risk-neutral probability 7* is unique if markets are complete, otherwise there may be
many such probabilities, one for each possible state price.

Representative agent With complete markets, the equilibrium asset prices of the heterogeneous-
agent economy are identical to those in a representative-agent economy. More precisely,
suppose a consumption allocation {c}},_; and portfolio holdings {6*'},_; together with asset
prices p* are a competitive equilibrium for the heterogeneous-agent economy with complete
markets, then the consumption allocation ¢ = y and zero portfolio holdings together with
the same asset prices p* are a competitive equilibrium for the representative-agent economy
with endowment y = ). 4; and preferences Uy = ), .7 A;U; where \; = 1/a; and q; is the
Lagrange multiplier on the Arrow-Debreu budget constraint in the competitive equilibrium.
The key to the proof of this result is to exploit the connection between the planner’s problem
and the decentralized equilibrium discussed in section 16.3. The decentralized equilibrium
coincides with the solution to the planner’s problem with the particular weights A; on the
households. We can then interpret the planner’s objective U, as the utility function of a
representative agent.

With complete markets, we can read off the (unique) equilibrium state prices from the
marginal rate of substitution of the representative agent. When we choose agent weights
Ai = 1/a;, combine the first-order conditions of individual agents (16.4) with the planner’s
first-order conditions (16.1) and envelope condition (16.2), we can write

o U, (y) /Oy (w)
1) = 50, ) Jow

16.5 Dynamic asset trading

To define an arbitrage and to write the set of attainable payoffs, it will be useful to have a
notation for the payoffs that can be generated by a particular trading strategy.

Payoffs generated by trading strategy The payoffs {z; (w')}, . generated by a partic-
ular trading strategy 6 = {6, (w")} are defined as

N

w (@) =3 (0F (@) + i (@) Oy (@71) = i () O (1)

n=1
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With no initial asset holdings (0_; (w°) = Ole) the initial payoff is minus the spending
on the first portfolio, o (W®) = —po ( ) 90( 9). At date 1 after history w! the initial
portfolio 6y (w®) has payoff (p; (w') + d; (W) " 6 (w°) and the agent spends p; (w ( ) 0y (wh)

on the new portfolio, and so on.

Arbitrage Since agents trade at given asset prices p, an important question is whether
assets offer a free lunch. An arbitrage is a trading strategy that delivers such a free lunch;
these are units of consumption at some date and after some history for which agents don’t
have to pay anything. Formally, we define an arbitrage as a trading strategy 6 that generates
nonnegative payoffs z; (w') > 0 for all dates ¢ and histories w' € Qf, with one strict inequality.

Set of attainable payoffs By forming a portfolio 6 of assets, agents can obtain payoffs
in the set

M= {{xt } e : there is a trading strategy 6 that generates x}

It will depend on the set of assets whether we can generate arbitrary payoffs x. We will
say that markets are complete if any payoff stream {z; (w")},., .+ starting at date 1 can be
generated at some cost at date 0. Otherwise markets are incomplete.

State prices The price at date ¢ after history w’ of consumption at date ¢+ 1 in state w4
is denoted g1 1 (wey1|w;). This price is the value of a contingent claim that pays out one unit
of consumption tomorrow, which is called Arrow security.

Law of one price, fundamental theorem, and individual optimality The properties
we established in the two-period settings carry over to the dynamic trading environment.
The law of one price implies that the price of asset n can be written as its payoffs valued by
the state prices

pr (W) = Z (dfy (W) + i (W) @ (Wi |w’)

Wi41

The fundamental theorem of asset pricing states that no arbitrage is equivalent to the ex-
istence of state prices g1 (wir1]|w’) that satisfy the previous equation. The proof of the
theorem involves a separating hyperplane theorem that separates the set of attainable pay-
offs M from the set of arbitrage opportunities K = {z, (w') with 2z, (w') > 0}. Moreover,
if there is a solution to the individual agent problem, that implies there are no arbitrages.
Conversely, if the utility function is continuous and there are no arbitrages, there exists a
solution to the individual agent problem.

Optimality conditions The Lagrangian for the single agent problem is

- Z iy (w') (Ci,t (w') + (wt)T 00 (w')

t,wt

s (&) = (A (@) + 21 () s (7))
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The first-order condition for consumption and holdings of asset n at date t after history
t
w' are

AU, (¢;) [eiy (W) = iy (1)

Mie (W) (1) = Dt (@) (s (@7F1) 1 (1)) =0,

wt+1

and

Subjective state prices Combining, we generalize (16.15) to the multiperiod case

i (wt) = Z (d?+1 (Wtﬂ) +JU?H (Wt+1)) Qi t+1 (wt+1|wt) , (16.19)
Wt+1
where 80, (c2) /2 : t+1)
, ty _ i\Ci Cit1 (W
it (le‘w ) oU; (¢i) /Ociy (wh)
and

o Qi+l (Ws1]w')
M; 441 (wt+1|w ) M (W o)

Expected power utility Suppose the utility function takes the form

U, (Cz) _ Zwt (wt) Btw

16.20
= (16.20)

t,wt
The state price is

Tpr (W) B (W) ¢4 (W)

T (w') B (w') ci (W)™

5Ci,t+1( t)iv
Ciy (wt)™7
(16.21)

Qitt1 (Wit|wy) = = Me41 (wt+1|wt)

Agreement or disagreement about state prices With complete markets, any payoft
stream can be generated by trading the assets in the economy. When markets are complete,
there are many equations (16.19) that determine asset prices as payoffs times the state prices.
In particular, we can choose a full set of Arrow securities to complete markets and see that
state prices, as well as the stochastic discount factor, will be unique. When markets are
incomplete, there are fewer equations (16.19) than the number of state prices, and so state
prices will not be unique.

Returns The return on asset n is defined as

n t+1\ _ di'yy (W) + Pl (W)
t+1 (W ) =

P (w')
When M is a stochastic discount factor, the pricing equation (16.19) implies that the return
satisfies the Euler equation

(16.22)

E [Myy1 (wer|w') RYyy (w0 |wf] = 1 (16.23)
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Using the definition of conditional covariance, writing the expectation conditional on history
w' as E,;[.], and suppressing the dependence of returns and stochastic discount factor on
history, we obtain

By [Myaa] By [R} ] + Cove (Mg, Biy) = 1,

implying
COVt (Mt+1, R?Jrl)
Ey [Mia]

E [ ?-5-1} - R{H -

The last equation determines the conditional expected excess return of asset n by the condi-
tional covariance of its return with the stochastic discount factor. The difference to equation
(16.17) is that the conditional covariance matters, which may vary over time. As a conse-
quence, there will be times in which the conditional expected excess return is high, while it
will be low at other times.

16.6 The equity premium puzzle and risk-free rate puz-
zle

We now want to understand the quantitative properties of equilibrium returns in a model
with sequential markets trading. For this purpose, we make specific assumptions on prefer-
ences and endowments. In particular, we assume that there is a single agent with expected
power utility (16.20) who receives an endowment stream y. We now add assets in zero net
supply to this economy and solve for equilibrium asset prices such that the single agent
chooses not to buy or sell these assets in equilibrium. Put differently, the agent chooses not
to trade at given prices and just consumes the endowment.

More formally, a competitive equilibrium in this model consists of consumption ¢*, a trad-
ing strategy 6* and asset prices p* such that (i) ¢* solves the agent’s optimization problem
given asset prices p*, (i) goods markets clear ¢* = y, and (iii) asset markets clear 6* = 0. As
long as markets are complete, the aggregation result says that the implications of this specifi-
cation will be identical to those of a heterogeneous agent model in which agents have utility
(16.20) and the aggregate endowment is y. An important lesson is that the quantitative
implications of the single-agent model thus apply in much more general environments.

An equivalent formulation of this environment is the Lucas tree model. This formulation
views stocks as trees that produce fruits every period. The fruits are the dividends that
the owner of the trees receives. This is an interesting example, where some of the initial
holdings of assets #_; are nonzero: in period 0, the single agent already owns the trees and
can then buy or sell shares of the trees, which are in non-zero net supply. We normalize the
supply of trees to one. There is no endowment. Given equilibrium prices p*, the single agent
chooses to hold the single tree 6°* = 1. Other assets, such as a one-period riskless bond, are
in zero net supply and the single agent chooses to hold zero given p*. In this formulation,
equilibrium consumption equals the dividend ¢* = d.

In the endowment economy, we assume that the endowment y has a growth rate that
follows a two-state Markov chain with transition matrix II. The equivalent Lucas tree model
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formulation assumes that dividends d follow this Markov chain:

L)

The growth rate can either be low, GG, or high, Gg > Gp. The transition matrix of the
Markov chain is symmetric, so that the stationary probability 7, which satisfies 7 = I,
spends half the time in each state, m = m = 1/2.

We want to think of the aggregate stock market as a claim to aggregate endowment,
d; = y;, which is in zero net supply. The value of the stock market is therefore

p; = Ky [Mt+1 (3/t+1 +pf+1)} , with My, = 3 (Ct+1/Ct)_W- (16.24)

Yi+1 = YGir1, where Giyq € {G, Gy} with transition matrix II = (

In equilibrium, consumption equals the endowment, ¢ = y, which means the growth rate of
consumption equals ¢;y1/¢; = Gyy1. Since the economy is growing, we solve for the stationary
price-dividend ratio v; := p}/y;

S 1+ S
Py _ E, Mt+1yt+1 ( pt+1/yt+1)

Yt Yt

or vy =E, [ﬁth;f (1+ vt+1)} .

Since we can substitute recursively for the price-dividend ratio v;1; on the right-hand side,
and the growth rate is a Markov process, the solution for v will be a function of only the
current growth rate G;.* Using the symbols of the Markov chain, and writing v; for the
price-dividend ratio in state i, we get

2
v = ZszﬁG;*V (1+v;), or in matrix form v = A (1 +v),
j=1

where the matrix A is given by

A= [ I, Gy TGy
H21G1 v H22G2 v
We can therefore solve for the vector v = (Ixs — 8A)~" BA1 by matrix inversion and obtain
the price-dividend ratios in every state of the Markov chain.
We also want to solve for the (net) return on stocks

s _ Y1t P P Y (14 ver)

1= (Yer1/yt) (1 + veq1)
Tip1 = -1=

S S
Y2 Y2 Uy

— 1.

With our Markov chain, we want to solve

]_ .
T = gj—( )y (16.25)

(%

4With recursive substitution, we obtain

1— 21—y ~1— 31—y 1=y ~1—
v =B [BG ] + B2G17 G + BPGHTGG .
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The conditional expected value of the return uses the transition probability II,; from state 7 to
state 7, while the unconditional expected value of the return uses the stationary probability
m; of state ¢

2
E; [Tisj] - ZHUTU and ]E Zﬂ—z i z'j . (1626)
=1

The price of a one-period riskless bond satisfies

pl =B, [My 4] or p! = ZHwﬁG v

The real rate and its unconditional expected value are

2
rf = 1% —1land E [rﬂ = Zmrlf. (16.27)

The equity premium is defined as the difference between the expected stock return (16.26)
and the mean risk-free rate (16.27). This unconditional moment can be compared to the
average return difference in the data. One can also study a conditional version of the equity
premium, defined as the difference between the conditional expected value of the stock return
and the risk-free rate. This moment, which conditions on the available information at time ¢,
can be compared to predictability regressions of future excess returns on stocks on regressors
known at time .

Our model has two preference parameters {/3,v} and three parameters that describe the
dynamics of the endowment process {Gp,Gp,¢}. When we specify G, = 14+ p — § and
Gy = 1+ p+ 6, the parameter p is the mean consumption growth rate and § generates
variance in the consumption growth rate. The parameter ¢ is the probability of remaining
in the current state of the Markov chain; it governs the persistence of consumption growth.
We use the generalized method of moments to select the three parameters p, 0 and ¢ that
describe the dynamics of the consumption growth rate. Table 16.1 shows three empirical
moments that we want to match: average per-capita real consumption growth, its standard
deviation (or volatility), and its autocorrelation. In the United States, consumption growth
has a mean and volatility of roughly 2 percent, and a low autocorrelation of 10 percent.’

Table 16.1 shows the high average real return on the S&P 500, an index of 500 large
companies which captures the behavior of the overall U.S. stock market. By returning
8 percent per year to investors, U.S. stocks have had a strong performance on average,
especially compared to the 1 percent per year that investors would have achieved by holding
a safe asset, the 3-month T-bill. The resulting (unconditional) equity premium of 7 percent

5We start from moments of the gross growth rate
E[G)] = mGr+mGy,E[G}] =mG] + mGh, E[GiGi1] = mII1 G + mI1oG Gy + molloi GG + mallys Gy
The mean, variance and autocorrelation of the net growth rate are: E [G¢]—1, 0?(Gy—1) = 0*(G;) = E [G}] -

E[Gy)”, and p(Gy — 1,Gio1 — 1) = p(Gt, Gy1) = Cov(Gr, Gy1) [0%(Gy) = (E(GiGyi-1) — E (G1)?) [0%(Gy).
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Table 16.1: Sample moments of aggregate consumption growth and real returns

Consumption growth Real return on S&P  risk-free rate

Mean 0.0175 0.0828 0.0074
Standard deviation 0.0233 0.1836 0.0380
Autocorrelation 0.1069

Notes: Real per-capita data on nondurables and services consumption constructed as Fisher
index based on annual sample 1929-2024 of NIPA Tables 2.3.5 in billions of Dollars, chain-
type quantity indexes, 2.3.3., price indices 2.3.4., and population numbers in NIPA Table
2.1. Annual data from 1930 to 2024 on S&P returns are from Bob Shiller’s ”ie-data.xls” file
at Yale. Annual data on the risk-free rate is from Bob Shiller’s “chapt26.xlsx” file combined
with data on the 3-month T-bill rate from 1954 to 2024 from FRED. To compute real
returns and rates, we subtract the annual inflation rate based on nondurable and service
consumption.

represents compensation for taking risk: the return on the S&P 500 has a volatility of 18
percent.

Once we estimate the dynamics of the endowment process, the only two free parameters
are the discount factor # and risk aversion . Figure 16.4 computes the equity premium and
risk-free rate for a discount factor 5 between 0 and 1, and a risk aversion v between 0 and
100. The plot only shows equilibria in which the risk-free rate is below 4. The model is a
qualitative success: the equity premium and the risk-free rate are both positive. However,
the figure shows the massive quantitative failure of the model: the equity premium is less
than 0.1 percent, while the risk-free rate quickly rises above its historical average of 1 percent.
The tension is known as the equity premium puzzle and the risk-free rate puzzle.

16.7 Lognormal model

Computational results make it hard to understand the intuition behind the quantitative
failure of the complete-markets, rational expectations model with power utility. To obtain
analytical expressions, let us now assume that endowment growth is normally distributed:

git1 = 10g(Gry1) ~ N (g, 07) (16.28)

With power utility, the log pricing kernel is log-normal as well, log M;,; = log 8 — vgi+1. In
this case, we can derive a closed-form expression for the risk-free rate. First, we determine
the price of a one-period risk-free bond

1.2 2

p{ = E, [M,,1] = AE, [eﬂgtﬂ} = Be MWatar oy

which implies that the risk-free rate is

1 1
t

There are two key motives that determine the equilibrium risk-free rate. The intertemporal
smoothing motive says that a higher expected consumption growth s, leads to a higher risk-
free rate. The reason is that agents would like to smooth their consumption, try to borrow,
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Figure 16.4: The shaded area shows the equity premium for equilibria in
which the risk-free rate is below 4 percent for preference parameters
p € 0,1] and v € [0,100].

and the risk-free rate increases to clear the bond market. The precautionary savings motive
says that a higher volatility of consumption growth o, lowers the risk-free rate. To smooth
consumption across states, agents try to save, and the risk-free rate decreases the clear the
bond market.

With power utility, both motives are governed by the same parameter v. With the sample
moments from Table 16.1, yu, = 1.75% and 03 = 0.054%, so that the intertemporal smoothing
motive quantitatively dominates, except for extremely high values of risk aversion. In this
case, higher risk aversion 7 leads to a higher risk-free rate.

If the gross return on equity R® and the pricing kernel are jointly log-normal, the Euler
equation becomes

1 = E; [My Ry, ] =By [Be 9 H7in]

1
= Pexp {—wg +E (ri) + 5 (v?og + 07 +2Covi (=794, Tf+1))}

Taking logs and rearranging gives

S 1 1 S
K, (7“75+1) = —logB+vpe — 5’7203 - 503 + 7 Covy (9t+1, 7"t+1)
The first three terms in this expression are just the risk-free rate. Therefore, the equity
premium is
1

E, (rf+1) — 7“{ + 503 =~ Cov; (gt+1, rf+1) (16.30)
The term %03 is a Jensen’s inequality term which is introduced by studying log returns, since
logE, (Rf +1) = E, (rf +1) + %JE (Tf +1). The equity premium therefore includes the Jensen’s
term on the left-hand side.
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The determination of the equity premium in equation (16.30) is the core of the consumption-
CAPM or CCAPM. This name is derived from the CAPM (capital asset pricing model),
which is derived with quadratic utility (or mean-variance preferences). According to the
CAPM, assets that are highly exposed to overall stock-market risk earn higher returns on
average. With power utility and log-normal consumption and (gross) returns, we obtain the
CCAPM. According to the CCAPM, assets that are highly exposed to consumption risk earn
higher returns. The equity premium is compensation for consumption risk exposures when
holding stocks. The quantity of risk exposure is measured as the covariance of stock returns
with consumption growth. The risk aversion coefficient v represents the price for each unit
of risk exposure. If investors are highly risk averse, they demand high compensation for
being exposed to consumption risk.

We can write the covariance between consumption growth and stock returns as their cor-
relation coefficient times the standard deviation of consumption growth o. and the standard
deviation of stock returns o,. From Table 16.1, the product of these standard deviations is
.o, = 0.0233 x 0.1836 = 0.0043. Even if consumption growth and stock returns are per-
fectly correlated, the right-hand side of equation (16.30) is, therefore, v x 0.0043. To obtain
the 7% equity premium from Table 16.1, risk aversion would need to be high, v = 16. With
such a high risk aversion, the risk-free rate in equation (16.29) would be pushed to a high
level, above its 1% mean in Table 16.1. This tension represents the joint equity premium
and risk-free rate puzzle.

With the alternative assumption of Epstein-Zin utility (instead of power utility), we can
reconcile a high equity premium with a low risk-free rate. The reason is that, with Epstein-
Zin utility, the intertemporal smoothing motive in equation (16.29) is governed by the inverse
of the elasticity of intertemporal substitution instead of risk aversion v, while the parameter
that enters the equity premium is still risk aversion. In this world, a high equity premium
reflects that investors demand a high compensation for consumption risk, while they accept
low compensation for holding risk-free bonds.

16.8 The excess volatility puzzle

Table 16.1 shows that consumption growth is only weakly autocorrelated. By assuming that
consumption growth is i.i.d. log-normal, we obtain that the price-dividend ratio is constant:

v =B [BGLT (14 vwg)| =B [BG, ] + BGLIGH] + GG, GHT ] . (16.31)
The volatility of the price-dividend ratio determines the volatility of stock returns

(1 + Ut_|_1) (1 + Ut+1)
Ut Ut

) = gi41 + log (16.32)

iy = 10g <Gt+1
since the growth rate has a low volatility of 2 percent in Table 16.1. With a constant pd-ratio,
the second term on the right-hand size of the equation (16.32) for stock returns is constant,
implying that the volatility of the return is also 2 percent. This low volatility stands in stark
contrast to the high historical volatility of 18 percent in Table 16.1. The resulting tension
between the model and the data is called the excess volatility puzzle for which Robert Shiller
won the Nobel Prize in 2013.
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Figure 16.5: Dividend-price ratio together with excess returns on stocks
over the next 10 years.

The preceding example assumes an iid growth rate g;11. Together with power utility,
this assumption implies a constant price-dividend ratio and iid stock returns (16.32). Recent
work on the quantitative asset-pricing implications of macro models has stressed that the
price-dividend ratio varies dramatically over time. As a consequence, the second term in
equation (16.32) is volatile and generates volatility in returns. Figure 16.5 shows annual
postwar data on the inverse price-dividend ratio 1/v; = d;/pf, the so-called dividend yield,
as a gray line together with (annualized) excess stock returns on the S&P 500 over the next
decade in black. The dividend yield is multiplied by 4, so that the two series fit on the same
vertical scale. The dividend yield moves around in a persistent way between 1% and 6.5%.
This translates into persistent movements in the price-dividend ratio, ranging from 15 to
100. In particular, a high dividend yield tends to be associated with high subsequent excess
returns, since the two series in Figure 16.5 move together.

Table 2 shows the results of predicting returns from buying the S&P 500 in year t and
selling in year t+k. The prediction is based on the current dividend yield d;/p;. As suggested
by Figure 16.5, the estimated slope coefficient in this regression is positive: a higher divi-
dend yield predicts higher future excess returns. Table 16.2 shows that the slope-coefficient
increases and becomes more significant over longer horizons k. The R? also increases with
the horizon, meaning that excess returns can be forecasted more easily over longer holding
periods, such as several years. Over shorter horizons, excess returns are harder to predict.

Table 16.2: Return forecasting regressions

Forecast horizon kb #(b) R?

1 year 241 1.78 0.04
5 year 16.85 2.03 0.17
10 year 51.49 3.20 0.28

Notes: The regression equation is Tf‘)tJrk — T‘tfﬁH»k = a + bdy/pj + €¢4k- The dependent variable is the excess return on

the S&P 500 over the 3-month T-bill rate. Data are annual 1947-2024. The k-year regression t-statistic uses the Hansen
and Hodrick (1980) correction when k > 1.

The literature has studied three main approaches to capture this predictability in macro
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models. The approach deviates from the iid assumption on growth rates. This can be done
by introducing time-varying conditional moments in growth rates, which are then measured
from historical data in a rational expectations approach. From equation (16.31), we can see
that time-varying first moments E; [G;yp] for h > 0 will generate movements in the price-
dividend ratio v;. From equation (16.30), we can see that time-variation in conditional second
moments Cov; (gt+1, T} +1) will translate into time-variation in the conditional expectation of
future excess returns. There is some empirical evidence supporting such time variation, but
it is quantitatively not strong enough.

The second approach allows investors’ subjective beliefs to feature more time variation
in conditional moments of growth rates than what is measured in regressions. For example,
these models assume sentiment, ambiguity-aversion or other deviations from rational expec-
tations, which implies that the conditional expected value of growth rates varies over time.
The empirical evidence in favor of these non-rational expectations comes from survey data
on investors or CEOs.

The third approach takes the time-variation from preferences. For example, some models
feature preference shocks that are heteroskedastic. These preference shocks are designed
to match the evidence on volatility and predictability. Since these preference shocks are
unobservable, the support for this modeling approach has to come from other implications
of the model that match additional data (such as micro data on household portfolio choice)
or that rationalize some observed policy actions by the government (such as the behavior of
tax rates over the business cycle.)
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