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Why many assets?

○ One-asset growth models deliver a single return; real economies feature many assets and
returns.

○ Households choose both total saving and portfolio shares; price changes reallocate wealth
across heterogeneous portfolios.

○ Complete vs. incomplete markets: with completeness, returns discipline
preferences/beliefs; with incompleteness, market structure affects allocations and
welfare.
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Key notation used throughout

○ Prices pt ∈ RN , dividends dt ∈ RN , holdings θi,t , consumption ci,t .

○ Gross return Rn
t+1 = (dn

t+1 + pnt+1)/p
n
t , risk-free R f

t .

○ State price density / SDF Mt+1 with pricing equation Et [Mt+1R
n
t+1] = 1.

○ Expectations Et [·], variance Var(·), covariance Cov(·, ·).

Orhan Torul (Boğaziçi University) Chapter 16: Asset Prices January 23, 2026 4 / 29



Participation and heterogeneity

○ Homeownership widespread; equity participation varies by country and cohort.

○ Young often levered into housing; older cohorts hold both housing and equity.

○ Risk comes from cash flows (dividends/rents) and resale prices.

Takeaway
Portfolio composition and participation differ systematically across groups, shaping how price
changes redistribute wealth.
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Price-cash-flow ratios

○ Track P/D for equities and P/Rent for housing to net out common growth.

○ These ratios display large swings; sometimes comoving, sometimes diverging.

○ Question: Do movements reflect cash-flow news or discount-rate news?
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Evidence: ratio dynamics
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Environment and feasibility

Let ωt denote a date-t history with probability πt(ωt). Agent i receives yi,t(ωt) and chooses
ci,t(ωt). ∑

i

ci,t(ωt) ≤
∑
i

yi,t(ωt) ≡ yt(ωt).

Preferences (CRRA or Epstein–Zin):

Ui = E0

∞∑
t=0

βt u(ci,t), u(c) =
c1−γ

1− γ
.

Epstein–Zin separates risk aversion γ from EIS 1/ψ when the data require high γ but
reasonable EIS.
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Planner, Arrow–Debreu prices, First Welfare Theorem

Planner problem:
max
{ci}

∑
i

λiUi (ci ) s.t.
∑
i

ci,t(ωt) ≤ yt(ωt).

FOC: λi ∂Ui/∂ci,t(ωt) = µt(ωt).
Arrow–Debreu equilibrium with state prices p0t (ωt):∑

t,ωt

p0t (ωt) ci,t(ωt) ≤
∑
t,ωt

p0t (ωt) yi,t(ωt),

and ∂Ui/∂ci,t(ωt) = αip
0
t (ωt). Setting λi = 1/αi reproduces the planner allocation under

complete markets .
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Sequential trading, completeness, and aggregation

Let pt ∈ RN be ex-dividend prices and dt ∈ RN dividends. With holdings θi,t :

ci,t + p⊤t θi,t ≤ yi,t + (dt + pt)
⊤θi,t−1.

Markets are complete when any AD payoff is spanned by trading {θi,t}. Under completeness,
sequential and AD equilibria coincide and a representative-agent SDF prices all assets.
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Law of One Price and FTAP

Date-0 prices p ∈ RN , date-1 payoffs D ∈ RS×N . If strictly positive state prices q ∈ RS
++ exist:

p = D⊤q.

Fundamental Theorem of Asset Pricing
No arbitrage ⇔ there exist strictly positive state prices q with p = D⊤q. If rank(D) = S ,
markets are complete and q is unique.
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Geometric illustration
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SDF, risk-neutral probabilities, risk premia

Subjective state prices:
qi (ω) =

∂Ui/∂c1(ω)

∂Ui/∂c0
.

Define SDF M(ω) = q(ω)/π(ω) with objective probabilities π(ω). For asset n:

1 = E
[
M(ω)Rn(ω)

]
.

Risk-neutral probabilities π∗(ω) = q(ω)/
∑
ω′ q(ω′); pn = R−1

f E∗[dn].

E[Rn]− Rf = −Cov(Rn,M)

E[M]
⇒ only SDF-covarying risk is priced.
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Hansen–Jagannathan bound

Sharpe ratio Sn = (ERn − Rf )/
√
Var(Rn). By Cauchy–Schwarz,

|Sn| ≤
√
Var(M)

E[M]
.

Takeaway
The maximum Sharpe ratio in the data implies a lower bound on

√
Var(M)/E[M] that any

model SDF must satisfy.

Orhan Torul (Boğaziçi University) Chapter 16: Asset Prices January 23, 2026 14 / 29
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Euler equations and premium decomposition

Present value:
pnt = Et

[
Mt+1(d

n
t+1 + pnt+1)

]
, Rn

t+1 =
dn
t+1 + pnt+1

pnt
.

Euler:
Et [Mt+1R

n
t+1] = 1, R f

t = Et [Mt+1]
−1.

Subtracting the risk-free:

Et [R
n
t+1]− R f

t = −
Covt(Mt+1,R

n
t+1)

Et [Mt+1]
.
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Consumption-based SDFs

CRRA expected utility:

MEU
t+1 = β

(
Ct+1

Ct

)−γ

.

Epstein–Zin:

MEZ
t+1 = βθ

(
Ct+1

Ct

)−1/ψ

R θ−1
w ,t+1, θ =

1− γ

1− 1/ψ
.

Takeaway
Epstein–Zin decouples risk aversion γ and EIS 1/ψ, improving quantitative fit.
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Campbell–Shiller log-linear identity

Log price pt , log dividend dt :

pt − dt ≈ κ+ ρ(pt+1 − dt+1) + ∆dt+1 − rt+1.

Forward iteration:
pt − dt ≈

κ

1− ρ
+

∞∑
j=1

ρj−1
(
∆dt+j − rt+j

)
.

High D/P today forecasts low future dividend growth or high future returns; empirically, most
variation forecasts returns.
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Lucas tree with Markov consumption growth

Consumption Ct+1 = CtGt+1, Gt+1 ∈ {GL,GH} with transition matrix
( ϕ 1−ϕ
1−ϕ ϕ

)
. CRRA SDF

Mt+1 = βG−γ
t+1.

vt ≡
Pt

Ct
= Et

[
βG 1−γ

t+1 (1 + vt+1)
]
.

Vector form: v = βA(1 + v) with Aij = ΠijG
1−γ
j .

Rs
ij = Gj

1 + vj
vi

, R f
i =

∑
j

ΠijβG
−γ
j

−1

.

Calibrated to postwar data, the model yields too small an equity premium or too high a safe
rate (Mehra and Prescott, 1985).
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Closed forms for r f and the equity premium

Assume logGt+1 ∼ N (µg , σ
2
g ) and CRRA. Then logMt+1 = log β − γ logGt+1 and

r ft ≡ logR f
t = − log β + γµg − 1

2γ
2σ2

g .

Let r st+1 be log equity return. CCAPM implies

Et(r
s
t+1)− r ft + 1

2σ
2
r = γ Covt

(
logGt+1, r

s
t+1

)
.

Because Cov(logG , r s) is small, matching the premium requires implausibly high γ, which
misfires on r f .
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Excess volatility under i.i.d. growth

Under CRRA with i.i.d. lognormal growth,

vt = β E
[
G 1−γ]+ β2 E

[
G 1−γ]2 + · · · = v̄ ,

and
r st+1 = logGt+1 + log

(
1 + v̄

v̄

)
.

Hence Var(r s) ≈ Var(logG ), far below observed return volatility (excess volatility puzzle).
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Dividend yields and return predictability
Campbell–Shiller: movements in D/P reflect dividend-growth news or discount-rate news.
Empirically, high D/P predicts high subsequent excess returns at medium/long horizons, but
weakly predicts dividend growth
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Diagnostics: variance bounds, spectra, HJ distance

○ Variance bounds: compare price volatility to discounted dividend volatility; large gaps
point to discount-rate variation or misspecified cash flows.

○ Spectral tools: allocate variation across horizons; premia move at medium and long
horizons.

○ HJ distance: measures how far a candidate SDF is from the set that prices a chosen
cross-section of returns.
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Orientation: Epstein–Zin and long-run risks

○ Epstein–Zin decouples risk aversion and EIS, easing premium vs. safe-rate tension.

○ Long-run risks: small persistent growth and time-varying volatility increase Cov(R,M)
without excessive consumption volatility.
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Summary

○ No-arbitrage ⇔ strictly positive state prices ⇔ an SDF that prices all assets.

○ Only SDF-covarying risk is priced; smooth consumption makes this covariance too small
under CRRA.

○ Under i.i.d. growth, P/D is constant and cannot match equity volatility.

○ Dividend yields forecast returns, indicating time-varying discount rates.

○ Epstein–Zin and long-run risks reconcile evidence while preserving Euler discipline.
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Thank you!
Questions or comments?

orhan.torul@bogazici.edu.tr
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